We study optomechanically-induced transparency (OMIT) in a compound system consisting of an optical cavity and an acoustic molecule, which features not only double OMIT peaks but also light advance. We find that by selectively driving one of the acoustic modes, OMIT peaks can be amplified either symmetrically or asymmetrically, accompanied by either significantly enhanced advance or a transition from advance to delay of the signal light. The sensitive impacts of the mechanical driving fields on the optical properties, including the signal transition and its high-order sidebands, are also revealed. Our results confirm that selective acoustic control of OMIT devices provides a versatile route to achieve multi-band optical modulations, weak-signal sensing, and coherent communications of light.
I. INTRODUCTION
Cavity optomechanics (COM), focusing on the interplay of optical lasers and mechanical devices, provides unprecedented opportunities to explore both fundamental issues of quantum mechanics [1, 2] and practical quantum control of light and sound [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . A prominent example, which is closely related to our present work, is optomechanically-induced transparency (OMIT) [13] [14] [15] . Playing a key role in COM-based coherent control of light, OMIT has been experimentally demonstrated with microtoroid resonators [15] , diamond crystals [16] , microwave circuits [17] , nanobeam or membrane devices [18, 19] , and nonlinear resonators [20, 21] . In recent works, by using COM devices such as cascaded OMIT [22] , nonreciprocal OMIT [23] [24] [25] [26] , reversed OMIT [27] [28] [29] , vector OMIT [30] , nonlinear OMIT [31] [32] [33] , two-color OMIT [34] , and sub-Hertz OMIT [35] , have been revealed. These devices provide a powerful platform to realize, for examples, quantum memory [36] [37] [38] [39] , signal sensing [40] [41] [42] [43] , and phononic engineering [44] [45] [46] [47] .
Very recently, COM devices fabricated with optical dimers (i.e., coupled optical resonators) [10, [48] [49] [50] [51] or acoustic dimers [22, [52] [53] [54] [55] , have been utilized to achieve, for examples, COM-based phonon lasing [10] [11] [12] , unconventional photon blockade [56] [57] [58] , and topological COM control [49, 59, 60] . In particular, by using multi-mode mechanical elements, experimentalists have demonstrated phonon-phonon entanglement [54, 55] , two-mode phonon laser [9] , optomechanical Ising dynamics [61] , mechanical synchronization or multi-wave phonon mixing [52, 53, 62] , and coherent phonon transfer [63] . Appealing predictions for this system also include acoustic Josephson junctions [64] , COM superradiance [65] , parity-time symmetry acoustics [66] , and phononic crystal shield [67] .
In this paper, we focus on the role of selective me- * jinghui73@gmail.com chanical pump in OMIT with two coupled mechanical resonators (MRs). In experiments, this three-mode COM system has been demonstrated with a doublemicrodisk resonator, a zipper nanobeam photonic crystal, or a microwave device with two micromechanical beams [52, 68] . Strong mechanical driving has also been utilized to achieve hybrid quantum spin-phonon devices [69] or ultra-stong exciton-phonon coupling [70] . In the absence of mechanical driving, such a system features double OMIT spectrum, i.e., the appearance of two symmetric transparent peaks around an absorption dip at the cavity resonance (which is otherwise a transparent peak for COM with a single mechanical oscillator [15, 18] ).
Here we find that, by selectively driving the mechanical resonators, the OMIT peaks and the accompanied optical group delays can be significantly altered. In comparison with the case of only a single driven oscillator [71] [72] [73] [74] [75] [76] , in our system, we can achieve symmetric or asymmetric amplifications of double OMIT peaks, which is accompanied by either significantly enhanced advance or a transition from advance to delay of the signal light. Our results confirm that multi-mode OMIT devices with selective acoustic control, provide a versatile route to realize coherent multi-band controls, switchable signal amplifications, and COM based light communications.
II. MODEL AND SOLUTIONS
We consider a three-mode COM system composed of an optical resonators with two mechanical resonators (MRs, see Fig. 1 ). The MR 1 couples not only with the cavity field (via radiation pressure force), but also with the MR 2 (through the position-position coupling). As shown in experiments, the position-position coupling can be realized by e.g., using a piezoelectric transducer [53] , or applying an electrostatic force between the MRs [77] [78] [79] [80] . Table I shows more relevant parameters of experimentally achieved coupled MRs. Meanwhile, as also shown in experiments [22, 81, 82] , mechanical driving fields with frequency ω i and phase φ i (i = 1, 2) can be applied to selectively pump the MRs. We note that in the simplest two-mode COM (i.e., without the MR 2 ), pumping the MR 1 leads to a closed-loop ∆-type energy-level structure [see Fig. 1(b) ], under which optical properties of the system become highly sensitive to the mechanical pump parameters [71] [72] [73] [74] [75] [76] . In the presence of coupled two MRs, as shown in a recent experiment [22] , the effective phononphonon coupling also can be enhanced by the mechanical pump. Inspired by these works, here we show that by selectively driving the MRs, significantly different OMIT properties can be revealed, which offers flexible ways to control light in practice.
The interaction Hamiltonian of our system is written at the simplest level as
where c or b i (i = 1, 2) is the annihilation operator of the cavity field with frequency ω c or the MR i , respectively, and g denotes the COM coupling coefficient. For two MRs coupled by the Coulomb force, the mechanical coupling strength is (see the Appendix A)
where k e is the electrostatic constant, r 0 is the equilibrium separation of the two charged oscillators in absence of any interaction between them, and m i (i = 1, 2) or q i = C i V i is the effective mass or the charge of the MR i , with C i and V i being the capacitance and the voltage of the bias gate, respectively. For the typical values r 0 = 2 mm, C 1 = C 2 = 27.5 nF, and
we find λ 0.1 MHz. In addition, the cavity is driven by a pump field at frequency ω l and a weak probe at frequency ω p , with the optical amplitudes ε l , ε p , and the phase φ l and φ p , respectively. In this paper, we focus on the mean response of the system to the probe, and thus in the case of ε p , ε i ε l , we take the probe as a perturbation and expand the dynamical variables as
where c s and b i,s (i = 1, 2) are the steady-state values of the dynamical variables, and we use the ansatz
the linear and nonlinear OMIT sidebands of this system result in (for more details, see Appendix B)
and 
With these at hand, by using the input-output relation [83] , where c in and c out are the input and output field operators, respectively, we can obtain the transmission rate of the probe as
Also, as defined in Ref. [32] , the efficiency of the secondorder sideband process is
In Eq. (5), the first term is the contribution from the standard OMIT process due to the destructive interference of the probe absorption [14, 15] . The second and third term are the contribution from the phonon-photon parametric process [71] and the phonon-phonon parametric process [22] , induced by driving the MR 1 and MR 2 . Clearly, these parametric process can modify and control the transmission of the signal field by adjusting the amplitude ε i and the photon-phonon mixing phase Φ i (i = 1, 2).
A. Single-mirror case: with or without mechanical driving
For comparisons, we first consider the single-mirror case (λ = 0). We choose experimentally accessible parameters in our numerical calculations [22, 37, 52, 53] , i.e. ω m,i /2π = 947 kHz (i = 1, 2), κ/2π = 215 kHz, Q = 6700, γ i = ω m,i /Q, m 1 = m 2 = 145 ng, λ l = 1064 nm, L = 25 mm, λ = 0.1 MHz, and P L = 3 mW. We have confirmed that for the pump power P L < 7 mW, single stable solution exists and the compound system has no bistability (see stability analysis in Appendix D). the cavity or by the phonon mode) [14, 15] . When a mechanical driving is applied to the MR 1 , there are three coupling pathways of this system. By applying a probe field and a optical pump field, the transition |m, n 1 , n 2 ↔ |m + 1, n 1 , n 2 and |m, n 1 + 1, n 2 ↔ |m + 1, n 1 , n 2 can be achieved. While the transition |m, n 1 , n 2 ↔ |m, n 1 + 1, n 2 can be achieved by driving the MR 1 . Clearly, the three couplings result in a closed-loop ∆-type transition strcture, leading to the phase-sensitive optical behaviors of the OMIT system [71] [72] [73] . As shown in Fig. 2(a) , the transmission rate at ∆ p = 0 can be firstly suppressed and then amplified by increasing the mechanical driving strength due to the interference between the OMIT process and the phonon-photon parametric process [represented by the first and the second terms in Eq. (5), respectively]. By setting |t(ω p )| 2 = 0, the turn- ing point (TP) position turns out to be
with α = 2h
which, for the parameter values chosen here, corresponds to (ε 1 /ε p ) TP 0.45. Interestingly, for ∆ p = 0, periodic variation of the output field with the phase Φ 1 is shown in Fig. 2(b) . For example, with ε 1 /ε p = 0.45, the transmission rate from strong absorption to amplification by tuning the phase Φ 1 from 0 to π.
B. Two-mirrors case: with selective mechanical driving
For λ = 0, double OMIT spectrum appears [see the blue solid line in Fig. 3(a) ] in the two-mirrors system, in the absence of any mechanical driving. The physics behind the double OMIT phenomenon can be understood from the level configuration in Fig. 1(b) . The coupling between MR 1 and MR 2 breaks down the original interference in the OMIT and splits the bosonic mode of the system into two, which yields the double OMIT spectrum [41, 79] . Here we focus on the influence of the switchable mechanical driving fields applied to the MR 1 or MR 2 .
When by driving the MR 1 , both effective COM coupling and phonon-phonon coupling can be enhanced [22] and a closed-loop ∆-type transitions can be created via the three couplings [71] [72] [73] . Thus, both OMIT peaks can be symmetrically amplified or absorbed shown in Fig. 3(a) and Fig. 3(d) . However, we find that the output lights for the probe field barely changed at the resonance point ∆ p = 0 [see Fig. 3 (a) and the blue dashed line in Fig. 3(c) ].
Then by driving the MR 2 , only phonon-phonon coupling can be enhanced [22] . The competition effect appears between the OMIT process and the phononphonon coupling process [represented by the first and the third terms in Eq. (5), respectively], leading to the highly asymmetric double OMIT spectrum. As shown in Fig. 3(b) , an asymmetric Fano-like OMIT spectrum occurs by driving the MR 2 , which amplification and absorption appear in the red-and blue-detuned regions, respectively. More interesting, we also find that the transmission rate can be greatly enhanced at resonance point by increasing the amplitude ε 2 [see the red solid line in Fig. 3(c) ]. This is completely different from the mechanical driving field is applied to the MR 1 instead of the MR 2 .
In addition, by driving the MR 1 or MR 2 , the transmission of the probe field changes periodically with the phase [see Fig. 3(d) and Fig. 3(e) ]. Similarly, phase sensitivity also can be observed by simultaneous driving the two MRs [see Fig. 3(f) ]. This results shown that by selectively driving the MR 1 , the MR 2 or both two MRs can provide more flexible control of the probe light. 
C. Group delay
The group delay of the transmitted light is given by
Accompanying with the standard single-mirror OMIT, the slow-light effect [see the blue dashed line in Fig. 4(a) ] can emerge due to the abnormal dispersion [18, 39] . In the presence of optical or mechanical gain, light advance appears [27, 72, 84] . Figure. 4 shows that in our system group delay of the probe light τ g can be tuned by changing the pump power P L or the amplitude of the mechanical driving field. For λ = 0, one can tune the system to switch from slow to fast light [see the red solid line in Fig. 4(a) ]. Furthermore, by driving the MR 1 , significantly enhanced light advance can be observed [see the black dashed-dotted line in Fig. 4(b) ]. In contrast, by driving the MR 2 , the system to switches from fast to slow light. Also, the group delay increases at high pump power [see the blue solid line in Fig. 4(b) ], which is useful for the storage. This results shown that, by driving the selective mechanical modes, switchable group delays of light can be achieved.
D. High-Order sidebands
When the pump and probe lasers are incident upon the cavity, high-order sidebands with frequencies ω l + n∆ p emerge due to nonlinear COM interactions, where n is an integer representing the order of the sideband [32] . The first-order sidebands with frequencies ω l +∆ p are referred to as the Stokes and anti-Stokes fields, respectively. The sidebands with frequencies ω l + 2∆ p are the second-order upper or lower sidebands. For a single-mirror case in the absence of any mechanical driving, the second-order sideband demonstrates a local minimum between the two sideband peaks around ∆ p = 0. The efficiency of secondorder sideband η is usually very small, e.g., 1% − 3%.
As shown in Fig. 5 , we depict the effect of selective mechanical driving on the efficiency of second-order sideband. For λ = 0, it can be seen that two local minima are shown of the second-order profile in the absence of any mechanical driving. By driving the MR 1 , we find that efficiency of second-order sidebands barely changes at the resonance point [see Fig. 5(a) and the blue dashed line in Fig. 5(c) ]. This is similar to the linear case [see the blue dashed line in Fig. 3(c) ]. However, by driving the MR 2 , a giant enhancement of the second-order sidebands can be observed [see the red solid line in Fig. 5(c) ]. For example, the efficiency η is about 30% at the resonance point for ε 2 /ε p = 0.7, as shown in Fig. 5(b) . The features of giant enhancement of the OMIT second-order sidebands may provide measurement with higher precision, i.e., precision measurement of electrical charges based on optomechanically induced difference-sideband generation [42, 43] . For completeness, we also considered the effect of the mechanical driving fields phase on the efficiency of second-order sidebands (see Appendix C).
III. CONCLUSION
In conclusion, we study double OMIT with two coupled mechanical elements, focusing on the role of selective mechanical driving. We find that by driving one of the mechanical modes, both OMIT peaks can be symmetrically amplified, which is accompanied by significantly enhanced light advance. In contrast, by driving the other mechanical mode, the OMIT spectrum becomes highly asymmetric, accompanied by a transition from fast light to slow light. In addition, periodic changes of both the linear OMIT spectrum and the high-order sidebands can be observed by tuning the phases of the mechanical driving fields. These features of selective OMIT amplifications and switchable group delays of light provide more flexible ways in practical applications ranging from optical storage or modulations to multi-band optical com- munications. In future works, it will be also of interests to study the role of selective mechanical driving in enhancing or steering, for examples, light-sound entanglement [85, 86] , photon-phonon mutual blockade [87] , precision measurement [42, 43] , and switchable amplification of light or sound.
Note. After completing this work, we became aware of a preprint on also on OMIT utilizing an acoustic dimer, but with only a single phonon pump [88] .
Appendix A: Derivations of the effective Hamiltonian
In such a system, the cavity is driven by a pump field at frequency ω l and a weak probe at frequency ω p , with phase φ l and φ p , respectively. the field amplitudes given by
where P L and P s are the pump and probe powers, respectively. The optical mode is characterized by a total loss rate κ = κ 0 + κ ex and the coupling parameter η c ≡ κ ex /(κ 0 + κ ex ), where κ 0 denotes the intrinsec loss rate and κ ex the external loss rate. The depth and the width of this transmission window are tunable by the power of the control beam, as in the case of OMIT, with the best contrast achieved in the case of critical coupling η c = 1/2 [15] . The compound system Hamiltonian is of the form,
where c or b i (i = 1, 2) is the annihilation operator of the cavity field with frequency ω c or the MR i with frequency ω m,i , respectively. m 1 (m 2 ) is the effective mass of the two MRs. The H 0 describe the free energies of the cavity and the two MRs, respectively. The optomechanical coupling and the Coulomb coupling is given by the first and second term of H int . The COM coupling coefficient is denoted by g = ( /2m 1 ω m,1 ) 1/2 ω c /L with L is the cavity length, and m i (i = 1, 2) or q i = C i V i is the effective mass or the charge of the MR i , with C i and V i being the capacitance and the voltage of the bias gate, respectively. So the Coulomb coupling between MR 1 and MR 2 is given by
where k e denotes the electrostatic constant, r 0 is the equilibrium distance between MR 1 and MR 2 , and x i are the small oscillations of the two mechanical oscillators from their equilibrium positions, respectively. Under the assumption that the deformations of the MRs are much less than their distance (r 0 x 1 , x 2 ), the first term is a constant term and the second one is a linear term which can be absorbed into the definition of the equilibrium positions. The last term consists of two parts: one part refers to the small frequency shift of the original frequencies and can be neglected by renormalising the mechanical frequencies, and the other part is the coupling term between the oscillators. Moreover, the small oscillations of the two mechanical oscillators from their equilibrium positions can be represented
2). We have a reduced form
and the Coulomb interaction strength
For the typical values r 0 = 2 mm, C 1 = C 2 = 27.5 nF, and V 1 = V 2 = 1 V [77, 78] , we find λ 0.1 MHz. Meanwhile, two mechanical driving fields with amplitude ε i , frequency ω i , and phase φ i (i = 1, 2) is applied to excite the MRs. H dr describes the interaction between the optomechanical system and the mechanical driving fields:
The effective Hamiltonian describing this compound system is yielded in a rotating frame at the frequency of the control laser ω l by:
where ∆ c = ω c − ω l and φ pl = φ p − φ l . We assume that the frequencies of the four coherent driving fields satisfy
Appendix B: Derivations of the first-order and higher-order sidebands
The Heisenberg equations of motion of the compound system arė
where ∆ c = ω c −ω l , κ and γ i (i = 1, 2) are the optical and mechanical decay rates, respectively. We assume that the driving frequencies satisfy the condition ξ = ω p − ω l = ω 1 = ω 2 . In this paper, we focus on the mean response of the system to the probe, and thus in the case of ε p , ε i ε l , we take the probe as a perturbation and expand the dynamical variables as c = c s + δc and b = b i,s + δb i (i = 1, 2). Taking the expectation of each operator given in Eq. (B1), the steady-state values of the dynamical variables are
and the fluctuation terms of the equations of motion (EOM) can be reduced as:
where ∆ = ∆ c − g(b *
1,s + b 1,s ) and G = gc s . In Eq. (B3), the nonlinear terms δc † δc and (δb † 1 + δb 1 )δc are preserved to generate second-order sideband [32] , In the present work, we only consider the first-order and higher-order sidebands, we use the following ansatzes
Substituting Eq. (B4) into Eq. (B3) leads to twelve equations. We consider that such a second-order sideband is a second-order process whose amplitude is much smaller than the probe field, so we can simplify these six equations into two groups: one group describes the linear case,
and the other group describes the the second-order sideband,
with
Solving these Eq. (B5) and Eq. (B6) leads to
where
Appendix C: Phase control of second-order sidebands
In the previous subsections, we show that the phase Φ i (i = 1, 2) makes a great contribution to the effects associated with the first-order sidebands due to the process of interference. The phase of the mechanical driving fields also plays a significant role in the second-order process. For comparison, the case of a single mirror (in the absence of the Coulomb interaction) is considered first. As shown in Fig. 6 , we depict the effect of mechanical driving phase Φ i on the efficiency of second-order sideband. when Φ 1 = π/2 (Φ 1 = 3π/2), we note that the mechanical driving induced enhancement of second-order sideband generation is mainly concentrated on the right (left) side. The enhancement is not obvious on the left (right) side, see Fig. 6(a) . This is similar to that reported in Ref. [75] the maximum value of η is about 9% corresponding to the ε 1 /ε p = 0.45 amplitude of the mechanical driving. Increasing the amplitude of the mechanical driving does not always brings an enhancement of secondorder sideband generation. The phase-dependent effect occurs near the resonance point ∆ p = 0. Such a phasedependent effect makes the second-order sideband generation more tunable in the coherent-mechanical pumped optomechanical system, and the process of the secondorder sideband generation can be tuned flexibly by the combination of the control and probe fields, and the mechanical driving [75] .
When the mechanical driving field is applied to the MR 1 , we find that efficiency of second-order sidebands barely changes around the resonance point ∆ p = 0 with the phase Φ 1 (see Fig. 6(b) ). This is similar to the linear case (see Fig. 3(d) ). However, when the MR 2 is excited by a mechanical driving field instead of MR 1 , we find that the phase Φ 2 can tune the values of the two peaks and the depth of the dip. This is a significant difference around the resonance point.
When the MR 1 and the MR 2 are simultaneous excited by two weak coherent driving fields, Fig. 6(d) shows that the efficiency of second-order sideband as a function of the phase Φ 1 and Φ 2 at the resonance point (∆ p = 0). We may find that the efficiency of second-order sideband barely changed with the phase Φ 1 . In contrast, the efficiency of second-order sideband obviously changed with the phase Φ 2 . This is similar to the first-order sideband, see Fig. 3 
(d).

Appendix D: Stability analysis
Considering photon damping and the Brownian noise from the cavity and the environment, the equations of motion are given bẏ
whereĉ in (t) is the input noise operator with zero mean value, ξ i (t) (i = 1, 2) is the Brownian noise operators associated with the damping of the MRs. Under the Markov approximation, two-time correlation functions of these input noise operators can be
here n th = e ω/k B T − 1 −1 ; k B is the Boltzmann constant and T is the bath temperature. By setting all the time derivatives to zero of Eq. (D3), the steady-state values of c is
where ∆ = ∆ c −g(b †
1,s +b 1,s ) is the effective detuning, including the effects of radiation pressure and Coulomb interaction. We now study the steady-state behavior of the mean photon number |c s | 2 . In this case, using Eq. (D3), it is straightforward to show that |c s | 2 satisfies We provide a direct and efficient estimation on how many positive solutions exist for Eq. (D4) according to the Descartes rule. Eq. (D4) can be recast as
where we define x = |c s | 2 , and the coefficients are
here all parameters g, κ, λ, ω m,1 , ω m,2 , γ 1 , γ 2 , and ε l in Eq. (D6) are positive, we have a 0 < 0, a 1 > 0, a 2 < 0 and a 3 > 0, corresponding to the following unique sign sequence:
sgn (a 3 ) , ..., sgn (a 0 ) = + − +−, According to the Descartes rule, Eq. (D5) has three real solutions at most, two of which are dynamically stable. we also have checked numerically that the parameters we choose in this paper satisfy the stability condition. When the cavity is driven on its red sideband, Figure 7 shows the mean intracavity photon number |c s | 2 as a function of laser power P L with (λ = 0.1 MHz). It can be seen that the mean photon number exhibits the standard Sshaped bistability. As the laser power P L increases from zero, there is only one real solution in Eq. (D5) at the beginning. However, when P L is larger than a critical value, there are three real solutions. The largest and smallest solutions are stable, and the middle one is unstable.
Below we determine the stability of the steady states of our system using the Routh-Hurwitz criterion [89] . The fluctuation terms of the EOM can be reduced as: The characteristic equation |C − ΥI| = 0 can be reduced to Υ 6 +C 1 Υ 5 +C 2 Υ 4 +C 3 Υ 3 +C 4 Υ 2 +C 5 Υ+C 6 = 0, where the coefficients can be derived using straightforward but tedious algebra. From the Routh-Hurwitz criterion [50] , a solution is stable only if the real part of the corresponding eigenvalue Υ is negative and the stability conditions can then be obtained as
Through these analyses, we choose the experimentally accessible parameters in main manuscript keep the compound system in a stable zone. 
